ABSTRACT. The associated sequence of order r for a given d-OPS (i.e. a sequence of orthogonal polynomials satisfying a (d + 1)-order recurrence relation), is again a d-OPS. In this paper we are interested in the determination of the corresponding dual sequence. The explicit form of the dual sequence of the first associated sequence and the corresponding formal Stieltjes function are given. Indeed, we construct by recurrence the dual sequence of the r-associated sequence and we give some properties of the corresponding Stieltjes function. Second, we give the definition of co-recursive polynomials of dimension d and some relations in the particular cases d = 3 and d = 4. Some properties of the dual sequence as well as of the corresponding Stieltjes functions are given. 
The form u is called regular if we can associate with it a sequence {P n } n≥0 such that u, P m P n := r n δ n,m , n,m≥ 0, r n = 0, n ≥ 0.
The sequence {P n } n≥0 is said to be orthogonal with respect to u. Necessarily, u = λu 0 , λ = 0. In this case, we have [7] u n = u 0 , P 2 n
For a linear form u, let S (u) be its Stieltjes function defined by
For any polynomial π and any c ∈ C, we can define the following forms Du = u , πu and δ c by If u is regular and A is a polynomial such that Au = 0, then A = 0 [3, 8] .
Next, for each P (x) = 
The transposed P → uP allows us to define the product of two forms by uv, P = u, vP , u,v ∈ P , P ∈ P.
Notice that the sequence of moments of uv is the discrete convolution of the sequence of moments of u and v.
The functional u has an inverse element u 
The division of a form by polynomials π −1 u, is defined by
where L (x; q) denotes the interpolation polynomial of q in the zeros of π taking into account the multiplicity. For each λ ∈ C, let us consider the operator θ λ defined by
The following results are fundamental.
Ä ÑÑ 2º ( [7] [8] [9] ) For any p ∈ P and any u, v ∈ P , and λ ∈ C, we have
For the Stieltjes function, we recall some of its properties.
Ä ÑÑ 3º ([3, 7, 9] ) For any p ∈ P and any u, v ∈ P , we have
d-orthogonality
for each 1 ≤ α ≤ d.
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Remark 5º
(a) In this case, the d-dimensional form Γ is called regular.
(b) Γ is not unique. We deduce from Lemma 1
or, equivalently
Therefore, from now on, we shall work uniquely with the dual functionals
T . In this case, by [5, 6] , the sequence {P n } n≥0 is d-OPS if and only if
Let us now recall some characterizations which we need below.
Ì ÓÖ Ñ 6º ( [6] ) Let {P n } n≥0 be a monic sequence of polynomials, then the following statements are equivalent
with the initial data
and the regularity conditions γ
and verifying
Notice that the coefficients {β m } and γ i m+1 are given by [6] 
Using the recurrence relations (7)- (8) we obtain by direct calculations the following lemma (7)- (8), the first moments are
Ä ÑÑ 7º For any d-OPS satisfying the recurrence relations
The dual elements of the relation (9) can be explicitly determined. In fact, expanding (9) in term of elements of the basis and using the fact that if U is regular and A is a polynomial matrix such that AU = 0, then A = 0, we get a system of recurrence allow us to describe explicitly the polynomials Λ µ (n, ν) in the relation (9) .
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Associated sequences
Now we recall the definition of the associated sequence and some of properties.
Ò Ø ÓÒ 9º ( [6, 8] ) We call the associated sequence of {P n } n≥0 (with respect to u 0 ), the sequence {P (1) n } n≥0 defined by
is a monic polynomial of degree n. Furthermore, from (2), we have
When {P n } n≥0 is orthogonal with respect to u 0 , it verifies the recurrence relation
with the regularity condition γ n+1 = 0, n ≥ 0, in this case the sequence {P (1) n } n≥0 verifies the recurrence relation
Let us denote by {u (1) n } n≥0 the dual sequence of {P (1) n } n≥0 . In this case, u
(1) n satisfies the following statements
Now the successive associated sequences are defined by the recurrence [8]
n (x) (1) and u
, n,r≥ 0,
with P (0) n = P n and u
The sequence of polynomials and the corresponding associated sequence are connected by [8] 
When {P n } n≥0 is orthogonal, by (1) we have r n u n = P n u 0 , n ≥ 0 with r n = γ 0 . . . γ n (γ 0 = 1) and then [1, 2] 
Likewise, by [5] , if {P n } n≥0 is d-OPS, it satisfies (7)- (8). Then {P (1) n } n≥0 also satisfies the (d + 1)-order recurrence relation
with the initial conditions
(23) Thus, we have the following generalization of the Maroni result given in [8] .
P r o o f. From the first assertion of Lemma 10, we have
and u
0 , and from the equation (12), we obtain for n = 0
Using the first assertion of Lemma 2, to get
, so by (2) and (5)) we obtain (u 0 θ 0 ξP 1 (ξ)) = x and then (24).
An equivalent result of the Theorem 11 with the aid of the formal Stieltjes function is the following.
we have from (24) and the Lemma 3
S u
because of the relations (2) and (4) we have
ON ASSOCIATED AND CO-RECURSIVE d-ORTHOGONAL POLYNOMIALS
Consequently, by recurrence, we can define the successive associated sequences
and we have the following recursive result between the elements of the dual sequence. From the first statement of Proposition 10 and Lemma 2 we get
For r = 2, we have from (18)
Thus we obtain (29) by recurrence.
Remark 14º
Using Lemma 2 and (23), we can write relation (29) as
Or in the following form
In terms of the formal Stieltjes function we have.
ÓÖÓÐÐ ÖÝ 15º For all n, r ≥ 0, the Stieltjes function of the associated sequence satisfies
P r o o f. Using (18) and Lemma 3, we obtain (33). Applying the formal Stieltjes function to the form
Then, the left hand side becomes
and the right yields
Whence (34).
If we substitute the relation (33) in the denominator of (34), we get by recurrence the following relation ÓÖÓÐÐ ÖÝ 16º For all n, r ≥ 0, the Stieltjes function of the associated sequence satisfies
Using the relation (32), we can determine the elements of the dual sequence explicitly as in Theorem 11. In fact
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ÓÖÓÐÐ ÖÝ 17º For r = 1 and d ≥ 3 we obtain
P r o o f. For r = 1, we obtain from (32)
and when υ = d − 2, using the relation (12) with n = 0, we get
and by (2) and Lemma 7 we have
0 , and for n = 1 we obtain from (12)
where
0 , and
Moreover, we obtain u (2) d−1 by substitution.
Remark 18º
Using the fact x u 1 u
0 in the previous corollary we get
Co-recursive sequences
Let now turn to the so called co-recursive sequences. We call co-recursive sequence of the orthogonal sequence {P n } n≥0 , any sequence {Q n } n≥0 given by the following recurrence
It is known [4] , that Q n (x) = P n (x) − µ 0 P
n−1 (x). From now on, let denote by { c u n } n≥0 the dual sequence of the co-recursive polynomials {Q n } n≥0 . In this case, we have
and (
0 .
ON ASSOCIATED AND CO-RECURSIVE d-ORTHOGONAL POLYNOMIALS
Using Lemma 10, we obtain from the last expression and from the relation (4) and third statement of Lemma 2 the following result
Maroni [8] gives the definition of the co-recursive 2-orthogonal polynomials. The initial conditions of the sequence are given by Q 0 (x) = 1,
and the following result Q n (x) = P n (x) − µ 0 P
n−1 (x) − µ 1 (x − β 0 − µ 0 ) + µ 
where A 
